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Abstract

The generalized Bernstein basis in the space I1, of polynomials of degree at most n, being an extension
of the ¢g-Bernstein basis introduced by Philips [Bernstein polynomials based on the g-integers, Ann. Nu-
mer. Math. 4 (1997) 511-518], is given by the formula [S. Lewanowicz, P. WozZny, Generalized Bernstein
polynomials, BIT Numer. Math. 44 (2004) 63-78]

n i _ .
Bl.”(x;w|q) = |:z:| x' (wx 1;q),-(x;q),,_i (i=0,1,...,n).
q

(@5 @)n

We give explicitly the dual basis functions DZ (x;a,b, w|q) for the polynomials Bi" (x; | g), in terms
of big g-Jacobi polynomials Py (x;a, b, w/q; q), a and b being parameters; the connection coefficients
are evaluations of the g-Hahn polynomials. An inverse formula—relating big g-Jacobi, dual generalized
Bernstein, and dual g-Hahn polynomials—is also given. Further, an alternative formula is given, representing
the dual polynomial D’; (0<j <n) as a linear combination of min(j, n — j) + 1 big g-Jacobi polynomials
with shifted parameters and argument. Finally, we give a recurrence relation satisfied by D7, as well as
an identity which may be seen as an analogue of the extended Marsden’s identity [R.N. Goldman, Dual
polynomial bases, J. Approx. Theory 79 (1994) 311-346].
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1. Introduction

The generalized Bernstein basis polynomials of degree n (n € N) are defined by [16]

n .
B!'(x; wlg) = — | X @i @i (=0,1,... ),
(CU, Q)n 1
q
where ¢ and o are real parameters such that ¢ # 1,and w # 1,¢~', ..., ¢'™". Here we use the

q-Pochhammer symbol defined for any ¢ € C by

k—1

e qo=1, (k=[]0 -cqg)) &=,
j=0

and the g-binomial coefficient given by

|:n ] . (q; @n

Ty (@ @i @i

For convenience we shall always assume that g € (0, 1). It should be stressed that the polynomials
Blf’ (x; w|q) are obtained as an extension of the g-Bernstein basis polynomials

b?(X:q)=[’;] X @nei (0<i<n),
q

introduced by Phillips [20] (see also [18,19]). Notice that the classical Bernstein basis polynomials
(see, e.g., [3, p. 66]),

B'(x) = (’f ) A (=" 0<i<n),
as well the discrete Bernstein basis polynomials [22,23],

bI(N, x) =

<n> (=x)i(x = N)p—i (O<i<n<N;N €N),

(_N)n l

are also limiting forms of the polynomials B;l (x; w|q); see (3.1)—~(3.3), below. Here (c) is the
Pochhammer symbol, defined for any ¢ € C by

(@o:=1, (r=clc+D-(ct+k—1 (k=1).

We define the generalized Bézier curve as the parametric curve

n
PI0) =) WiBl s olg) =+ -o)0<i<),
i=0

where W; € R4 (1<d<3,i =0,1,...,n)are given points. This representation, being an exten-
sion of previously defined Bézier curve [6, Chapter 4] and g-Bézier curve [18], is advantageous
for computations, on account of its shape-preserving property, and the numerical stability of the
related de Casteljau algorithm for curve evaluation (see [16]).

In computer-aided geometric design it is often necessary to obtain polynomial approximations
to more complicated functions in the Bernstein basis representation. In case of the least-squares
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approximation, the question of transformations between Bernstein and orthogonal bases arises in
a natural way (see, e.g., [8,11,23]). Now, let us introduce the inner product (-, -)p4, in the space
I1,, of polynomials of degree <n by

aq .
(f, 8)bgr = /w %]‘(ﬂg(ﬂ dgx (0 <aq, bg <1, 0<0),

a and b being parameters. Notice that big g-Jacobi polynomials P(x) = Pi(x;a, b, w/q; q)
(see (3.4)) form a set of orthogonal polynomials with respect to that inner product (see, e.g.,
[13, § 3.5]). The notation used is explained in the final part of this section. Associated with the
basis B} (x; w|q), there is a unique dual basis

Dg(x;a,b, wlq), D} (x;a,b,wl|q), ..., D,(x;a,b,olg) €I,
defined so that

Obviously, any polynomial p € II,, can be written in the form

n

p = _(p.D})oqgsBy.
k=0

However, little is known about the dual Bernstein bases; only in the classical Bernstein case, we
have a recurrence relation given by Ciesielski [S], and a representation in terms of Bernstein basis
polynomials obtained by Jiittler [11].

In this paper, we express explicitly the dual basis Dj’ in terms of big g-Jacobi polynomial basis
Py; the connection coefficients are evaluations of another orthogonal polynomials, namely g-
Hahn polynomials. Hence, the polynomials D;’ may be efficiently evaluated using the Clenshaw’s
algorithm (see, e.g., [25, § 10.2]) with acostdepending linearly on n. Aninverse formula—relating
big g-Jacobi, dual generalized Bernstein, and dual g-Hahn polynomials—is also given. Further,
an alternative formula is given, representing the dual polynomial D;? (0<j<n)asa“short” linear
combination of min(j, n — j) + 1 big g-Jacobi polynomials with shifted parameters and argument.
Finally, we give a recurrence relation satisfied by D}, as well as an identity which may be seen
as an analogue of the extended Marsden’s identity [10].

In Section 2, we give some general results on dual bases. Section 3 contains the above-mentioned
results for the most general case, i.e. dual basis for generalized Bernstein basis. For the reader’s
convenience, in Sections 4 and 5, we discuss separately dual bases for g-Bernstein and classical
Bernstein polynomial bases. In Section 6, we give some examples of possible applications of
the presented results, in particular—the recurrence relation given for the dual Bernstein basis, to
obtain a least-squares polynomial approximation with a prescribed accuracy.

We end this section with a list of notation and terminology used in the paper. For more details
the reader is referred to the monographs [1] by G. Andrews, R. Askey and R. Roy, or [9] by
G. Gasper and M. Rahman, or the report [13] by R. Koekoek and R. Swarttouw. The g-integral is
defined by

b b a
/ fx)dyx ::/0 f(x)dqx—/(; fx)dgx,
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where

| f@dgrimat =)y faghit

k=0
Extending the meaning of the g-Pochhammer symbol, put

oo
(i @)oo = [ [ = g7 x).
Jj=0
In the sequel, we make use of the convention

k k

(c1,¢2, v s Cldn = H(Cj)nz (cryco, v s Cls @n = 1_[ (¢js @n-

j=1 j=1
For ¢ € C, we define the g-number [c], by

q‘—1
-1

[c]q =

The generalized hypergeometric series is defined by (see, e.g., [1, § 2.1])
o0
at, ..., dyr (ala-'-’ar)k k
F. z ] = —_ 7,
' s<bla-~-abs ) k:ZO(lvbl7"'9bs)k
while the basic hypergeometric series is defined by (see, e.g., [1, § 10.9])

=)
at,...,d (at,...,ar; Qi I\ L+s—r
', "aiz) =) DL (nkg®) T,
bi,....,bs

k=0 (q9b17"' ,bs;Q)k
where r,s € Z, and ay, ... ,ar,by,...,bs,z€ C.

2. General results on dual polynomial bases
2.1. Orthogonal basis and duality

Let IT, denote the linear space of all polynomials of degree <n. Let {Px} be a sequence
of orthogonal polynomials with respect to a given inner product (-, -) in II,, i.e. deg Py = k
(k=0,1,...,n)and

(P;, Pj) =hié;; (h;>0;i,j=0,1,...,n).

Let bg, b1, ... , b, be a basis in I1,,. There exists a uniquely defined basis dy, di, ... ,d, € I1,,
called dual basis, such that

(di,bj) =5ij (i,j =0,1,... ,n).

Notice that any polynomial w € II,, can be written in the form

n

w = Z(w,dk)bk.

k=0
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Lemma 2.1. Let o and f3 ;. be the coefficients in

n n
Pe=7) owibi, b= puPi (O<k<n). @1
Then the dual basis satisfies

n n
Pi=hi Y Pude. di=) hi'miPi (0<i<n). 2.2)
k=0 k=0
Proof. From Eq. (2.1), we deduce
n n
Y oiBy =08 =) iy Gj=01,....n). 2.3)
k=0 k=0

We have to determine coefficients y;;, and v;; such that

n n
PJ':Z,ujkdk, d; zzvikpk.
k=0 k=0

Using the first equations of (2.1) and (2.2), we obtain

h 5[/ = PlvR ZO"’CZ“/'H (b, dp, Zatk,ujk,

which, in view of the first equality (2.3), means that p; = hfy;.
Similarly, using the second equalities of (2.1), (2.2), and of (2.3), we find that v;;z =
hl:locki. [l

2.2. An identity

It is known (see, e.g., [1, p. 246]) that the Christoffel-Darboux kernel

Kn(x, 1) =Y hy ' Pu(t) Pr(x)

k=0
can be expressed as

A Pu1 () Py (1) — n+l(t)Pn(x)

K,(x,t) =
nx 1) An+1hn X —1

where %, is the leading coefficient of the polynomial P,, (im =0, 1, ...).

Lemma 2.2. The following identity holds:

D bi(0)d;i(t) = Ky (x. 1). (2.4)

i=0
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Proof. Making use of the second equations of (2.2), (2.1) and (2.3), we obtain

> dinbix) =) (Z h,:lockiPk(r>) (Z ﬂi,Pz(x>>
i=0 =0

i=0 \k=0
n n n n
=Y PO P@)Y iy =Y b POP(x). O
k=0 =0 i=0 k=0

Eqg. (2.4) may be considered as an analogue of the extended Marsden’s identity in an alternative
theory of dual polynomial bases discussed in [10].

2.3. Representation of polynomials

Let w be a polynomial of degree n. Assume that the coefficients aj in
n
w(x) =Y axPi(x)
k=0

are known. In some applications (see, e.g., [7,8]), there is a need to transform the above expansion
to

n

w(x) = chbk(x).

k=0

Now, it is easy to observe that
n
ck:Zoc,-kai k=0,1,...,n), (2.5)
i=0
and that the inverse transformation is given by

n
“kZZﬁjij (k=0,1,...,n).

Jj=0
3. Dual generalized Bernstein basis
3.1. Generalized Bernstein basis

In [16], we have introduced the generalized Bernstein basis polynomials of degree n (neN) by

1 n S )
B} (x; wlg) = | M oxTh i g (0<i<n),
(05 q)n | i
q
where g and o are real parameters such that g # 1,and w # 1,47, ..., ¢'™". Notice that the

classical Bernstein basis polynomials (see, e.g., [3, p. 66])

Bl'(x) = <? ) (10" O<i<n),
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the discrete Bernstein basis polynomials [22,23]

b} (N,x) =

(’i’) (=x)i(x = N)—i (0<i<n<N:N €N,

(_N)n

as well as the g-Bernstein basis polynomials
n n i .
bi(x;q)=| | xX'(x;@n—i (0<i<n),
i
q

recently introduced by Phillips (see [18-20]), are limiting forms of the polynomials B’ (x; w|q).
Namely, we have

. X —
}]1%111 B!'(x; wlg) = B,"(m) , (3.1
lim B} (¢ g Ng) = b)_;(N.x), (32)
q
B'(x;0lg) = bi(x; q). (3.3)

Introduce the inner product in the space I1, of polynomials of degree <n by

“(x/a, qx/o; g
\ = —— f(x)g(x) dyx,
s i= [ CLLLED 0001,
a and b being parameters, 0 < ag, bg < 1, w < 0. Notice that big g-Jacobi polynomials (see,
e.g., [13,8 3.5

—k k+1

,abg" " x

Pr(x) = Pr(x;a,b,w/q; q) := 3¢z< q;q> 34

aq, o
form a set of orthogonal polynomials with respect to that inner product, i.e.,
(Pr, P)ogs = hiOp, (3.5)
where
(I-0) (49.bq.09/w; ¢k

k
he =M (—awq)* (2)7 (3.6)
(1—04™) (aq. 0.0 q) v
and
2.
M= ag(l — q) L 00 2/@D 0T/ Do .y 3.7)
(aq,bq, ®,0q/0; q)o
Obviously, Py, P, ..., P, also form a basis in I1,. In [16], we obtained the following results.
Recall that the g-Hahn polynomials are given by (see, e.g., [9, Eq. (7.3.21)], or [13, § 3.6])
. —k,abqk-i-l’q—x
Or(q™ "1 a,b, Nlg) := 3¢ N q:9 |, (3.8)
aq, q

while the dual g-Hahn polynomials are defined by [13, § 3.7]

qik, qfx7 yéqx+l

N

Ry (u(x); 7,6, Nlg) := 34)2( _
79,4

q; q) , (3.9
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where 0<A<N, N € N, and u(x) := ¢~* + 76¢**!. Generalized Bernstein basis polynomials
have the following representation in terms of big g-Jacobi polynomial basis [16]:

bq; q)n i 5 q)i
(bg; q) (—og™) (aq; q)

B (x:0lg) =P @] " _lagiq)i
n—i (v 0lg) = ¢+ (aq) |:i:|q(0(I§¢])n (b~ q)i

= a l—0 (q,bq,09™;q);

xQ,-(q—i;a,b,n(q) Pi(x:a. b, 0/q: q). (3.10)

where 0 <i <n. Conversely, big g-Jacobi polynomials have the following representation in terms
of generalized Bernstein basis [16]:

n
Pi(x;a,b,0/q;q) = Z Ry—j (u(i); a, b, nlq) B} (x; wlq), (3.11)
=0
where u(i) := g~ + o', 0<i <n. In particular, we have

Puxia b o/qiq) =Y. ("(/_—)"_)’wq")fB:_ S olg). (3.12)
j=0 44D

3.2. Dual generalized Bernstein basis polynomials
Associated with the generalized Bernstein basis, there is a unique dual basis
Dj(x;a, b, wlq), D} (x;a,b, 0lqg), ..., D,(x;a,b, wlg) €Il,
defined so that

(s, B;’)W =0 (.j=0.1,....n).
We give a number of properties of the polynomials D} (x; a, b, w|q).

3.2.1. Recurrence relation

Theorem 3.1. The following recurrence relation holds:

D" (x;a, b, wlg) =y DI (x; a, b, wlg) + (1 — YYD, (x; a, b, 0lq)
+ 07 Pup1(x:a, b, 0/q: q), (3.13)
where 0<i<n + 1, D" (x;a,b, wlq) = D,’1’+1(x; a,b,wlq) =0, and
0o [n—i+1]

Y= , 3.14

T T, G149
—n—=1/p. . )

P B B L VSR NpESIEEE) (3.15)

@q; Qnvi1—i
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Proof. Argument used in the proof is fully analogous to the one used in [5] to prove similar result
for the (classical) dual Bernstein basis polynomials, associated with the Legendre inner product
(in this connection, see Theorem 5.1). Given a polynomial p € IT,, we have

p= Zp, !ogs B (3.16)

Using the identity [16]

1 1
B =B (1) B
where the notation used is that of (3.14), we obtain

n+l1
p = Z P, Dn + (=7 )D?—l)bqj Bin+l'

Comparing this result with a representation of p as a linear combination of Bg“, BI’H, e

Bn+l

11 similar to (3.16), we obtain

<p7D;1+1> (vaan‘i‘(l_/,)D, l)thv

bqJ
thus the polynomial

w = D;"H — D} — (1 —=yHD!_ | eIl
must have the form w = 97 P, 1, where (cf. (3.12))

ﬁ?hlﬂ»l =(w, Pn+1>bq] = <D?+], Pn+1)

bqJ
n+l ., 1
_Z(q "=1/b; (])j( n+1)j <D(l+1 prtl >
= @), LT bgs
—n—1p,.
:(q " /b, Q)n+1—i (o_qn+1)n+]7,’.
(aq; Pnt1-i

Hence follows (3.13). O
3.2.2. Expansions

Theorem 3.2. Big g-Jacobi polynomials have the following representation in terms of dual gen-
eralized Bernstein basis:

(bg; @)n (q7", 0q/w; q)i
(Jq'q)n (0", w5 q);

(—ag™) " (aq; q);
XZ‘] |: ]q (b ] - aQ)]

><R (,u(l) a,b,nlq) D)_;(x;a,b, olg), (3.17)

P (x;a,b,w/q; q) = o' (ag"H"
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where u(i) = g~ 4+ abq't!, 0<i <n. Dual generalized Bernstein basis polynomials have the

following representation in terms of big q-Jacobi polynomial basis:

2k

12 —oq (aq, 0, ®; @)k
1—0 (q,bq,0q/m; @)

D(x:a,b, wlg) = (—aw) g~ (2)

x Qg (q‘ " a,b, nlq) Py (x;a,b,w/q; q),
where 0< j <n.

Proof. Use Lemma 2.1, (3.10) and (3.11), and the relation (see, e.g., [13, p. 77])

Oi(g*;a,b, Nig) = Ry (u(k); a, b, N|q). O

Remark 3.3. By the identity [24]

(@7*/B; q)«

e (ABg" ™ 0r@V = B!, A7 Nig™),

Ok(qg~": A, B,Nlg) =

Eq. (3.18) can be written as
2k .
oq (0, w; @)k
D’ (x;a,b, =M
j@ b, ola) Z 1—0 (g oq/w;qk

x Qk(” f; b=l a ! nlr) P (x;a,b, 0/q; q)

where r := q_l, 0<j<n.

(3.18)

(3.19)

(3.20)

In the next theorem, we give alternative formulas, representing the dual polynomial D;? (x;a,
b, wlg) (0<j <n) as a linear combination of certain min(j, n — j) 4 1 big g-Jacobi polynomials

with shifted parameters and argument.

Theorem 3.4. The following formulas hold for j = 0,1, ... ,n

(q"/a;q); Xj:( ,+1)k(q 7, 0q7" a5 9
(bq; q) (wg,q7"/a; q)i

X Py_k <x; a, bg"!, wgk; q) :

Di(x;a,b, wlg)=A

(g~"/b; q), w2k (@77 0g™" o5 @)
(aq; q); Z( ) (aq?, ogq; )k

X Py (qk+1x; aqu, b, a)q ; 61) )

_j(xia,b, wlq) = By(oq B L

where

. 2.
A, = (09, 045 Dn__ B, =g~ (@q”; 4)n
Maw"(q,0q/w; q)n (—aq)"(bq; q)n

ne

(3.21)

(3.22)

(3.23)
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Proof. We will prove the formula (3.21). Given j€{0, 1, ... , n}, let us define form=0, 1, ... , j

n—m

Sy (x) = Z

k=0
x Qin Px (x:a.bg™, 0g" "1 q) (3.24)

(1 — 0g®*™) (0™, 0™ Dk (41 ok
(wg™*(1 = 6g™)(q. 0q/w: @)

with

Ok.m = Ok (rm*j; r"/b, 1/a,n — m|r) . ri=q .
Notice that by (3.20) we have

D) (x;a,b, olq) = M~ So(x). (3.25)
We will show that (3.24) satisfies the following recurrence:

(1 —g" (A — g™

_ Jj—n—1
Su(x) = fim(x) +q a(l = qu+1)(1 —gmn)

Sm+1(x) (3.26)

for 0<m < j, with the “end” value S;11(x) := 0. Here
(wg™)" " (oq, wq; q)n(q™"/a; q) j(bq; @)m
(q,0q9/0; @In-m(0q, 0q; ¢)m(bq,q " /a; q);
XPy (¥50.bg™ " 09" q) (3.27)

Jm(x) =

We shall need the identity

(1 — ABg**™h(1 - Cq)Pi (x; A, B, C; q)
= (1—ABg"™)(1 - C¢*™") Py (x; A, Bq, Cq: q)
~Cq(1 —g"(1 — ABg*/C)P_y (x; A, Bq, Cq; q) (3.28)

.'x .
qu )

the last equation can be obtained by applying the transformation [9, Eq. (3.2.2)] to the standard

form
q, C]) .

which can be verified by substituting

P(x; A, B, Ci q) = (—=C)q(3)

(ABq/C; @)k g, ABg*t!, Aq/x
(Cq; 9k Ag,ABq/C

qfk7 Aqu+l, X

Pe(x; A, B,C;q) = 3¢
' ag.cq
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Using (3.28) with A = a, B = bg™ and C = wg™ ! in (3.24), we get

'« (oq s Dk
Sm(x) =
© g (©g™ (g, 09/0; @k

m+1 m+1.

, (g

Qr,m Px (x; a,bg™", wg™; q)

n—m

(g™ ", g™ @i
-y — Qrem Pr—1 (x; a,bg"*", wg"; 61)
i (@g™) = (g, 0q/®; @k-1
" (g™ wg" i

= fin(x) + ; (wqm)k(q, oq/w; q)k

X (Qk,m - Qk—i—l,m) Py (x; a, qu-i-l’ cqu; q)
1 —gm

a(T=bg" (1 — ")

(1 — ag® ™+ (g™ !, g™ g)i

(g™ Mk (g, oq/w; )k

=fn(xX) +¢q/ ™"
n—m—1
x )
k=0
X Q. m+1Pr (x; a,bg™ !, wg™; 61)
(1—q™" f)(l—aq'"“)

=)+ 4T e e gy S ()
where
(aqm+1 wqm+1’q)
In) = ogmy=q, oqjo ;)m On—m.m Fn—m (X;a’quﬂ’wqm;q)' (3-29)
n—m

In the last but one leg we used the identity

Ok (¢7"5 7,0, Nlg) — Qi1 (¢7"5 7,9, Ng)
(=g —y5g*+?)

(3.30)

Qk(q' ™" 9q,6, N — 1]g),
A=) —g M) 1 T 1
which can be deduced from [13, Eq. (3.7.6)] by the duality principle (3.19). Using
Qn—m,m =On-m (rm—j’ 77 5, n—m rm+1/b
B (r"“ >"’” @™ "r)jm _ (q7"/a;q);(bg; Qm
(see, e.g., [13, Eq. (0.5.9)]), we readily establish that f,,(x) defined in (3.29) can be written in
the form (3.27).

P P P (ab)
r> = 2¢, rr
ab by jom  (bg3 @) (g7 /a; O
This concludes the proof of the recurrence (3.26). Thus,

" (1— "1 —ag™ )
So(x) = ka(x) l_[ q/ — bgmthy(1 — gm—n)’

Inserting (3.27), simplifying and remembering (3.25), we obtain (3.21).
The proof of (3.22), which we do not give here, goes along the same lines. [l
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In particular, Theorem 3.4 implies the following formulas:
Dy (x;a,b, wlg) = Ay Pu(x; a, bq, ; q);
1— q—n/a
1 — bg

(1= g)(0g" = ) ave oaa) ]
ol —agn -t (500 ’wq’q)}’

Di(x;a,b, wlq) = A, [Pn (x;a,bq, w; q)

n

q
7 [Pn(qx; aq, b, w; q)

D!' | (x;a,b, w|lq) = Byaq
aq —

g (I —g)(w—0oq™)
(1—ag>(1 — wq)

D) (x;a,b,wlq) = B, Py(qx; aq, b, w; q),

P, 1(g°x; aq’, b, 0g; 61)};

where the notation used is that of (3.23).
3.2.3. An identity

Theorem 3.5. The following identity holds:

n
P P,(t) — P, 1P
§ :B,-"(X;CU|6])D,'-1(l;a,b,w|q)=Ln 1 (X) Py (1) tn+l() n(x)7
X —
i=0

where

n+1
_ (mao) g (D) (ag, 0, 0; g)us
"M —0)(1 — gt (q,bq, 6q/w; @)

and where we used the notation of (3.4) and (3.7).

Proof. The thesis follows by application of Lemma 2.2. [J
4. Dual g-Bernstein basis
4.1. g-Bernstein basis polynomials

The g-Bernstein basis polynomials of degree n (n € N),

n .
bl (x; q) = { } x'(x; @n—i (0<i<n),
l
q

141

(3.31)

are recently introduced by Phillips [20] (see also [18,19]). Remember that little g-Jacobi polyno-

mials are given by

—k k+1

,abq
aq

pr(x;a,blq) = 2¢>1<q q;qX> (k=0,1,...)
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(see, e.g., [13, § 3.12]). Let us introduce the shifted little g-Jacobi polynomials by
pi(x;a,blg) == pr(x/(bq); a,blg) (0 <aq <1,bg <1). 4.1

Polynomials (4.1) are orthogonal with respect to the inner product

1
« @x; @)oo
U §hgs = /0 L bgrggn) dy

where a = g%, b = qﬁ, o, p > —1. More specifically,

(Pés Pihigs = hidus 4.2)
where
—0 (q,bq;q)
i —C(aq>k e L) 43)
—0q* (aq, 05 q)k
and
C=Clab)=(1—q)-LILDe e (4.4)
(aq,bq; 9)o

See, e.g., [13, § 3.12]. Notice that [13, § 3.5]

D (2)( q; Dk

Pe(x; b,a,0; q) = (—b
1 bq; i

pi(x:a,blg). 4.5)

Koornwinder [14] has shown that the orthogonality relation (4.2) is a limit case of (3.5) when
w1 0.

Let us recall the following results [2]. g-Bernstein polynomials have the following representa-
tion in terms of the shifted little g-Jacobi polynomial basis:

(ag; q)n  (bq; q);
. (0q; @)n (a™'q™"; q);

. i n
bl (x; q) = (—aq") " 1g® (bq)"[ ; }

n 2j —-n. .
qunj (1 _Gq ])(67 q+1na 6])/
— n . .

i (1-0q.0¢" " q);
XQj(q‘i;b,a,n\q) pi(x;a. blg), (4.6)

where 0 <i <n, and the notation used is that of (3.8). Shifted little g-Jacobi polynomials have the
following representation in terms of g-Bernstein basis:

p?(xs 4, blg) = (—bg)~ —<z>E h ‘q]; S Ruj (ui): b mlg) B ). 47
7 1 :0

where u(i) := q_i + aqi, 0<i <n, and the notation used is that of (3.9).
4.2. Dual q-Bernstein basis polynomials

Dual g-Bernstein basis polynomials of nth degree,

dy(x;a,b;q), d{(x;a,b;q),...,d)(x;a,b;q),
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are defined so that <d;’, b’;>l , =0;; (i,j =0,1,...,n), where b’/? = b’;(.; q), d;’ = d’/?(-; a,
g ; . . ;

b; q). In view of the above cited Koornwinder’s observation and (3.3), we must have

di'(x;a,b;q) = D} (x;b,a,0lq) (0<i<n). (4.8)
4.2.1. Recurrence relation

Corollary 4.1. We have the recurrence relation
A (xia b g) =y dl (xia. by q) + (1 — y})d!_  (x:a. bi q)
+097 pyyi(x;a, blg), (4.9)
where 0<i<n+1,d" (x;a,b; q) = d,'l’ﬂ(x; a,b;q) =0, and

ool @b

CT Tt 1, P (ags )i

notation used being that of (4.3).
Proof. The thesis follows by Theorem 3.1, in view of (4.8) and (4.5). O
4.2.2. Expansions

Corollary 4.2. Shifted little g-Jacobi polynomials have the following representation in terms of
dual g-Bernstein basis:

(aq; q) (bq,q™"; q)i
(0g; g)n (aq,0q™*"; q)i

! L T
X,;( va) [k] (@ lg="
= q
xRy (u(i); b, a,nlq) di_,(x; a,b; q), (4.10)

where u(i) == g~ + og', 0<i <n. Dual g-Bernstein basis polynomials have the following
representation in terms of shifted little g-Jacobi polynomial basis:

(aq}’H—l)i

w1y (1= 0g) (01 9Dk
(I = a)a* (g; 9

xQi(q’™"; b, a, nlq) pi(x; a, blg), (4.11)

dl(x;a,biq)=C"" Y (=g~
k=0

where 0< j <n.

Proof. The result follows by reversing the roles of @ and b in (3.17), (3.18), letting @ 1 0 and
then using (4.5) and (4.8). O

Remark 4.3. Alternatively, we can obtain the above corollary using Lemma 2.1, (4.6), (4.7), and
(3.19).

Theorem 3.4 implies the following results.
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Corollary 4.4. The following formulas hold for j = 0,1, ... ,n

)
d";(x; a7b; q) =Anu
(aq; q);
+i @ 5 @)k R S8 .
xZ(aq/ ety Pt (.0a " bla) (“.12)
(g7 "/a; q)
n n
_i(xia,b;q) = B,(0q") ————
] q n q (bq‘q)j
A k+1 k1
X x;a,b lq ), (4.13)
Z ey G )
where
2 . .
— (aq , 04, C])n ’ Bn — qf(ngrl) (O'qv Cl)n ) (414)
C(aq)"(q,bg; q)n C(=0)"(q; q)n

Proof. Eqs. (4.12) and (4.13) follow by letting @ 1 0in (3.21) and (3.22), respectively, and using
(4.5)and (4.8). O

In particular, (4.12), (4.13) imply the formulas
dy(x:a,b:q) = Ayp,(x;aq, blg); dy (x; a,b; q) = Bup,(qx; a, bqlq),
where A, and B, are given in (4.14).
4.2.3. An identity
Corollary 4.5. The following identity holds:

be(x; ) din(t; abiq) =L, Pn+1(X)Pn(f) — Pns1 (1) py (%) ’ 4.15)

X —1
i=0

where pi(x) = p;(x; a, blq), and

bq(aq; @)n+1(0g; q)n
Ca™(aqg® ' —1)(q.bq: q)n

Proof. The result follows by letting & 1 0 in (3.31), and using (3.3), (4.5) and (4.8). O

L, =

5. Dual Bernstein basis
5.1. Bernstein basis polynomials

Classical Bernstein polynomial basis of degree n (n € N) is given by (see, e.g., [3, p. 66])

Bl'(x) := (?)xi(l — )" 0<i<n).
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1 —x) (5.1

are the shifted Jacobi polynomials (see, e.g., [17, p. 280, Eq. (46)]). For & > —1 and f§ > —1,
polynomials (5.1) are orthogonal with respect to the scalar product [17, p. 273]

Recall that

1 —k,k+a+p+1
R,E“’ﬁ)(x) — mm B
k! a+1

1
(f. )= fo g (1 —x)*xP dx;

more specifically,

@ph) pap\ o @+ De(B+ Di
<R’< Ry >J = K ko + Do) (5-2)
where
K — l*(ot+1)1“(ﬁ+1), cim ot ft 1.

I'c+1)

It can be shown that the orthogonality relation (4.2) reduces to (5.2) when g 1 1, and we have
[13,§ 5.12]

k!
: . B (1)K (o, )
Eg}pk(x,q . q !q) (=D EEi;i;;Rk (x). (5.3)

Recall that the Hahn polynomials are defined by [13, § 1.5]

1),
1>,

where 0 <k N, N € N,and A(x) := x(x+7+0J+ 1). Bernstein polynomials have the following
representation in terms of shifted Jacobi polynomial basis:

Bl'(x) = (’f) (4 Dai(B+ 1

—kk+o+p+1,—x

x;o, f, N) := 3F
Ok ( B.N):=3 2( a1 —N

while the dual Hahn polynomials are given by [13, § 1.6]

—k,—x,x+y+5+1

Ri ((x); 7,8, N) := 3F
& ( Y 3 2< 1N

n

XZ 2j+09)(=n);

(i (o)
RS R AR A G4

j=0
where 0<i <n. This result follows from a formula given in [21], using [1, Corollary 3.3.5].

Conversely, shifted Jacobi polynomials have the following representation in terms of Bernstein
basis [4]:

o 1 i . . n
R™P(x) = (“ZL') > Rucj (2); o fom) BY (x), (5.5)
R

where A(i) :==i(i +0),0<i<n.
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5.2. Dual Bernstein basis polynomials

Dual Bernstein basis polynomials of degree n,
Dl!(x;o,f) (i=0,1,...,n),

are defined so that (Df, B;?)J =6;; (i,j =0,1,...,n), where D} = D! (;«, f). In view of
(3.1) and (3.3), and the observation preceding (5.3), we have

D!'(x; o, p) = hﬁ d'x; 4P g% ) (0<i<n). (5.6)
q

5.2.1. Recurrence relation
Limiting form of the recurrence relation (4.9) is given in the next theorem.

Theorem 5.1. We have

i ] ‘
DI iy = (1= g ) DR )+ D (i )+ RED G0, 650

o+ T
where 0<i<n+1, D" (x;a, f) = DZH(x; o, f) =0, and

Cn+od+2)(c+ 1),
B+ D+ Dpgi—i

19:1 = K—l(_1)l1+l—i

Notice that for the special case o = § = 0 Eq. (5.7) reduces to a result obtained by Ciesielski [5].
5.2.2. Expansions

Theorem 5.2. Shifted Jacobi polynomials have the following representation in terms of dual
Bernstein basis:

R*P () =k <n> (x+1);
' 1) (0+ Dayi

<Y (Z) (@4 De(B + Dot Re(A0); 2 B, m) D)y (5 2, B), (5:8)
k=0

where A(i) := i(i + o), 0<i <n. Dual Bernstein polynomials have the following representation
in terms of the shifted Jacobi polynomial basis:

« 2k/o+ 1)(0)k

TER T R mR™P (x), (5.9)

n
D (x;o ) =K' (—1)
k=0
where 0<i <n.

Proof. Seta = qﬁ, b = g* in (4.10) and (4.11), respectively, let ¢ 1 1 and use (5.3), (3.1),
lim Qun(q ™" q*. 4%, Nlg) = Qu(x; A, B, N)

(see, e.g., [13,(5.6.1)]), and (5.6). O
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Corollary 5.3. We have
Dl!(x;o,p)=D,_;(1 —x;p,0) (i=0,1,...,n).
Proof. The result follows from (5.9) by using symmetry properties of shifted Jacobi and Hahn
polynomials,
RIP () = (—1F R (1 = ),
7+ D Qi (x: 7,8, N) = (=D (0 + D Qi (N = x: 8,7, N).
See, e.g., [1,p. 117],and [12]. O

Corollary 4.4 implies the following alternative formulas for the dual Bernstein polynomials.

Corollary 5.4. The following formulas hold fori =0, 1, ..., n:

e DA Dy s SOk kD)

P D = e DB o ey kO &1
W e CDEHE D Gk kL)

Oni 5 B = R 0B D kzzo( R G40

Notice that the coefficients of the linear combinations in (5.10) and (5.11) do not depend on o
and f.

Proof. To obtain (5.10), seta = qﬂ, b =¢qg%in (4.12), let ¢ 1 1, then use (5.3), (3.1) and (5.6).
Formula (5.11) follows from (5.10) by using Corollary 5.3. [

In particular, we have
_(=D"(e+ 1)y, REB+D

Dgj(x; o, f) = K@i, fn (x),
—r-t Dy, o 1 (4
Dl )= Fe e D [R’S e+ ER'(I—JIM)(X)} ’

. _ (@ + D 1 o@i2p, \  parlp
Dn_l(xva9 ﬂ) - K(d+1)(ﬁ+ 1)n_] [an_l (x) Rn (x) ’

(o + Dy REHLD

Dy (x;0, p) = KB+,

(x).

5.2.3. An identity
As a limiting form of the identity (4.15) with a = qﬁ ,b = g% when ¢ 1 1, we obtain the
following.

Corollary 5.5. The following identity holds:

Ryt RSP 0 = REP O R ()

n
S B D} 2 ) = Lyt A
e
i=0
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where

[ n+Dlc+ 1),
T KQu4 o+ D@+ 1,5+ 1),

6. Applications

In computer-aided geometric design it is often necessary to find for a given function f the
polynomial w,, of degree n that minimizes the error

d? = (f — wp, f — wy) (6.1)

(see, e.g., [7,8,15]). Obviously, the solution can be given in the form

n
w(x) = Y ax Pr(x), (6.2)
k=0
where a; = (f, Px)/{(Px, P) (k = 0,1,...,n), and P;’s are orthogonal with respect to the

given inner product. Note that the coefficients a; do not depend on n. However, the preferred
output representation should be compatible with CAGD conventions, e.g., the Bernstein—Bézier
form. Furthermore, usually the degree n of the polynomial w, is not known a priori. Instead,
the degree is successively increased until the approximation error (6.1) diminishes below the
prescribed value.

6.1. Conversion of the orthogonal polynomial form to the Bézier form

In this section, we discuss this topic in the most general context of Section 3. In the sequel,
Pr(x) denotes the big g-Jacobi polynomial Py (x; a, b, w/q; q) (k>0). Let w,, be a polynomial
given by the formula (6.2), the coefficients a; being known. According to (2.5), (3.11) and (3.19),
the coefficients c;? in the generalized Bézier representation of wy,,

w,(x) =Y _ I B (x; wlg), (6.3)
j=0

can be given by the formula:
A=Tig’™ (=01,....n),

where 7, is the following polynomial in ¢ ~*:

Tu(g™) =) aiQi(qg " a,b,nlg).

i=0

Notice that the values of ¢jj, ¢, ... , ¢, may be efficiently computed by using the Clenshaw’s
algorithm for evaluating a linear combination of orthogonal polynomials (see, e.g.,
[25, § 10.2.1]).
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6.2. Recursive construction of the Bézier form for the least-squares approximation polynomials

Now, consider the problem of converting the polynomial

n+1

W1 (X) = Y ag Pe(x) = wy(x) + dpy1 Pup1 (x)
k=0

to the generalized Bézier form

n+1
1 1
wap1(x) = Y GBI (x; olg),
j=0

under the assumption that the Bézier coefficients ¢}’ of the polynomial wj, (x) are known (cf. (6.3)).
Observing that

i =(fiD{(ia,b,w|q))pqs (G =0,1,...,n),
and using recurrence relation (3.13), we obtain the formula

I =1 (1 =y e+ P hyransr (0<i<n+ 1),

1

where ¢ | = ¢, ; = 0; the notation used is that of (3.6), (3.14), and (3.15).
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